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We study a set of certain automorphisms of the Hamming code vertex operator
algebra M , which permute the three sets of conformal vectors. We call this setH8
the triality of H . We construct an embedding M to the VOA V associated toH H D8 8 4
the lattice of type D , and we establish that the triality of M is obtained by4 H8
restricting the automorphisms of V that correspond to the classical triality of D .D 44
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INTRODUCTION
The aim of this paper is to study certain automorphisms of the Ham-
ming code vertex operator algebra.
 In his remarkable paper 8 , Miyamoto has constructed a VOA M forD
each even binary code D. It is formed by summing the irreducible
representations of the tensor product of the Virasoro algebra of central
1charge , the Ising model, in which the number of factors of the tensor2
product is the length of the code D, and the summands are in one-to-one
correspondence with the words of the code. Besides the automorphisms of
the VOA coming from the automorphisms of the code, Miyamoto has
shown that there is an extra involution for each conformal vector of
1central charge .2
Among the code VOAs, the one associated to the Hamming code H is8
of particular interest and importance: The Hamming code VOA M hasH8
exactly three sets of mutually orthogonal conformal vectors with central
1charge , which are permuted by the extra involutions. Miyamoto has used2
such a symmetry of M to study the VOA structure of some spacesH8
449
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containing M . Here the role of the symmetry is similar to that of theH8  triality of A in the sense of Frenkel et al. 4 , which was a key tool in the1
study of the VOA structure of the moonshine module V .
In this paper, we will construct an explicit embedding of M into V ,H D8 4
the VOA associated to the D lattice, so that the extra involutions that4
permute the three sets of conformal vectors are obtained by restricting the
automorphism of V that corresponds to the classical triality of D , theD 44
Ž .outer automorphism group of the Lie group Spin 8 found by Cartan.
Now, in our embedding, the Hamming code VOA is, in fact, contained
in the subspace of V that is fixed by the automorphism  induced fromD4
the multiplication by 1 on the lattice. The subspace V  turns out to beD4
isomorphic to V 4 , the VOA associated to the lattice A4. Then theŽ A . 11
diagonal A has the triality in the sense of Frenkel et al. which restricts to1
a set of automorphisms of M that come from automorphisms of theH8
Hamming code.
The paper is organized as follows. In the first section, we recall the code
VOAs. We describe the lattice VOAs V 4 and V in Section 2. InŽ A . D1 4
Ž Ž .4 .Section 3, we identify the lattice VOA V L A , D with a codeL 1 4
VOA, and give explicit embedding maps between the VOAs such that the
image coincides with the fixed-point space by the lattice involution. In the
last section, we describe the automorphisms of M coming from the AH 18
and D trialities.4
We will work over the field of complex numbers throughout the paper.
1. THE CODE VOA
  Ž  .In this section, we recall the code VOAs following 8 cf. 2 .
Let D be an even binary linear code of length n. Set M D
n 1Ž . Ž . Ž . 	 M ,  d , d , . . . , d 
D, where M  L , 0 and M
 D i1 d 1 2 n 0 12i1 1 1Ž . Ž . L , . Here L , 0 is the Virasoro vertex operator algebra of central2 2 2
1 1 1Ž .charge with highest conformal weight 0 and L , is a module of2 2 2
1 1Ž .L , 0 with highest conformal weight . Then M has the natural struc-D2 2
ture of a VOA.
 Let us take the 8, 4, 4 Hamming code H , the even binary linear code8
of length 8 with the generator matrix
1 1 1 1 1 1 1 1
0 0 0 0 1 1 1 1H  .8 0 0 1 1 0 0 1 1 0
1 0 1 0 1 0 1 0
The corresponding code VOA M , the Hamming code VOA, is the objectH8
of main interest in this paper.
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The Hamming code VOA M contains exactly three sets of eightH8 1mutually orthogonal rational conformal vectors with central charge such2
 1 84  i  i4that their sum is the Virasoro element. They are e , . . . , e , f  s ,
 j 1 j4 i i and d  s , where e  1 	 	 1 	  	 1 	 	 1, s 
1 11 8 ² ,  : 8Ž . Ž .  :e  e  Ý 1  for 
 Z H and  
 H , ² ,  :4 2 8 18 8 8
Ž . Ž .10 . . . 0 , . . . ,   0 . . . 01 . Each set of conformal vectors generates a8
² 1 2 8: ² 1 2 8:vertex operator subalgebra T  e , e , . . . , e , T  d , d , . . . , d , ande d
11 2 8 	8² : Ž .T  f , f , . . . , f isomorphic to L , 0 .f 2
 4Now, let H  13 be the code obtained by adding the generator8
 4 Ž . 813  1 0 1 0 0 0 0 0 
 Z to the Hamming code H . This code, as2 8
 4  4  4  4  4well as the codes H  13  12 and H  13  12  15 , are even8 8
binary linear codes, so that we obtain the corresponding code VOAs
 4M . It is clear that the inclusion of the codes H H  13 HH   8 8 88
 4  4  4  4  4 13  12 H  13  12  15 leads to the inclusion of the code8
VOAs M M M M .H H 134 H 134124 H 1341241548 8 8 8
 4 ² i:iFor  
 e, d, f and 1 i 8, we set   1 on the  -module
1 iŽ . ² :iisomorphic to L , 0 and  1 on the  -module isomorphic to2
1 1Ž . iL , . Then the map  : M M is an automorphism of the H   H  2 2 8 8
code VOA M .H  8
Ž . Ž  .  i 8iLEMMA 1.1 Miyamoto .  s  s for 
 Z H .e 2 8
Ž .iThe automorphisms  1 i 8 permute the set of conformal vec-e
 i4  j4 i itors f and d . We also find that the automorphisms  and d f
permute the set of conformal vectors:
Ž l. 1 k l Ž l.  k lk kLEMMA 1.2.  e  s and  e  s .d f
We call a group of automorphisms isomorphic to S generated by two of3
these automorphisms the triality of M .H8
2. LATTICE VOAs
In this section, we will describe the lattice VOAs V 4 and V in someŽ A . D1 4
detail. For the construction and basic properties of lattice VOAs, we refer
 the reader to 4 .
2.1. Conformal Vectors in VL
Let L be a positive-definite even lattice and let V be the associatedL
 4lattice VOA with the cocycle factor  : L L 1  Z2Z, which we
assume to be biadditive.
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² :Now, let 
 L be a vector of length 2, i.e.,  ,   4. Then the vector
1 12   1  cosh Ž . 16 2
1 1 Žis a conformal vector of V with central charge , where cosh  e L 2 2
 . e . By unitarity, the conformal vector  generates a sub-VOA isomor-
1 1Ž . Ž . Ž  .phic to L , 0 . Since L , 0 is rational cf. 10 , V is completelyL2 2
reducible with respect to the Virasoro action defined by .
Let L , denote the corresponding L action. Then, for instance, we0 0
have
1
 , ² :L 	 1  	 ,  1 ,Ž . Ž .0 8
L ,e	 0, 2.1.1Ž .0
1   , 	Ž .
 , 	 	 	² , 	 :2 ² :L e  e  e , 	 ,  2,0 4 4
2.2. VOA V 4Ž A .1
Ž .44We consider the VOA V associated to the lattice A generated byŽ A . 11
² :
 , 
 , 
 , 
 , with 
 , 
  2 . The Virasoro element  is given by0 1 2 3 i j i j
1 2 2 2 2  Ž . Ž . Ž . Ž . 4   
 1  
 1  
 1  
 1 . Then  ,0 1 2 3 
 
4 i j
   4 Ž . ,  ,  i, j, k, l, distinct is a set of mutually orthogonal

 
 
 
 
i j k l k l
rational conformal vectors. We set
  
  
 ,   
  
 ,   
  
 ,  
  
 ,1 0 1 2 0 1 3 2 3 4 2 3
  
  
 ,   
  
 ,   
  
 ,  
  
 ,1 0 2 2 0 2 3 3 1 4 3 1
  
  
 ,   
  
 ,   
  
 ,  
  
 .1 0 3 2 0 3 3 1 2 4 1 2
2.2.1Ž .
²  Thus we have a vertex operator subalgebra T   ,  ,  4  4
      :  4 ,  ,  ,  ,  ,  for each 
  ,,  . It is isomorphic to 3  3  2  2  1  1
1 	8Ž . 4L , 0 , and V is completely reducible as a T -module.Ž A . 2 1
Let  denote one of the symbols  , , and  . The highest weight vectors
Ž .4in V as a T -module are given byŽ A . 1 1
 Ž .the vector  1 for j 1, . . . , 4,j
 ² : ² :the vectors cosh 
  cosh 
 for  
  
 or  , 
   , 
i j i j i j
 0,
 ² : ² :the vectors sinh 
  sinh 
 for  
  
 or  , 
   , 
i j i j i j
 0,
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1 
 
Ž .where sinh 
 e  e . These highest weight vectors have eigen-2
1value for two conformal vectors in T and eigenvalue 0 for the other six2
conformal vectors in T .
Ž .4We next consider the highest weight vectors in V . They are givenŽ A . 21
by
 Ž . Ž .the vectors  1  1 for j, k 1, . . . , 4, j k,j k
 Ž .Ž . Žthe vectors  1 cosh 
  cosh 
 for 
  
   i, jj k l k l i
.1, 2, 3, 4, i j ,
 Ž .Ž . Žthe vectors  1 sinh 
  sinh 
 for 
  
   i, jj k l k l i
.1, 2, 3, 4, i j ,
 Ž .Ž .the vectors cosh 
   cosh 
 cosh 
   cosh 
 ,0 1 i j 2 k
 Ž .Ž .the vectors sinh 
   sinh 
 sinh 
   sinh 
 ,0 1 i j 2 k
 Ž .Ž .the vectors cosh 
   cosh 
 sinh 
   sinh 
 ,0 1 i j 2 k
 Ž .Ž .the vectors sinh 
   sinh 
 cosh 
   cosh 
0 1 i j 2 k
for
 
 , 
 , 
 when   ,Ž .1 2 3 
 , 
 , 
 when   ,Ž .
 , 
 , 
 Ž . 2 1 3i j k  
 , 
 , 
 when   .Ž .3 1 2
1These highest weight vectors have eigenvalue for four conformal vectors2
and eigenvalue 0 for the other four conformal vectors in T .
According to the decomposition of V 4 into irreducible components asŽ A .1
² : Ž  4  4.an  -module 
 , , 

  , ,  , we define the automorphism

  on V 4 by
 Ž A .1
1² :1 on  -modules isomorphic to L , 0 ,Ž .
 2
  2.2.2Ž .
 1 1½ ² :1 on  -modules isomorphic to L , .Ž .
 2 2
Then the action of the involution   on the conformal vectors  

Ž  4  4.

  , ,  , 
 , is given by the following lemma:
LEMMA 2.2.1.
 1 ² : when 
 ,  2,
Ž² 
 ,  :2.
 1   2.2.3Ž .Ž .
  1½ ² : when 
 ,   0, 4.
1 	8Ž .This lemma shows that these automorphisms permute T  L , 0 for 2
1 1 	8 	8Ž . Ž .  , , and  . For example,  : T  L , 0  T  L , 0 .  2 21
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2.3. VOA VD4
Now, let V be the lattice VOA associated to the lattice D generatedD 44
² : Ž . ² :by 	 , 	 , 	 , 	 with 	 , 	 1 i 1, 2, 3 , 	 , 	  2, and0 1 2 3 0 i 0 0
² : Ž  4.	 , 	  2 i, j
 1, 2, 3 .i j i j
Ž . ² :By choosing an orthonormal basis  i 1, 2, 3, 4 , with  ,    ,i i j i j
we present the above generators as 	   , 	   , 	 0 2 3 1 1 2 2
  , and 	   . We use both bases for convenience. Let us fix3 4 3 3 4
the cocycle  as follows: order the generators as 	  	  	  	 .0 1 2 3
Then
1, 	  	 ,i j
 	 , 	 Ž . ² :i j 	 , 	i j½ 1 , 	  	 .Ž . i j
In the lattice D , we have the following 12 vectors of length 2:4
2  2	  2	  	  	 ,1 0 1 2 3
2  2	  	  	 ,2 0 2 3
2  	  	 ,3 2 3
2 	  	 ,4 2 3
r      2	  	  2	  	 ,1 1 2 3 4 0 1 2 3
r      2	  	  	 ,2 1 2 3 4 0 1 3
r      	  	 ,3 1 2 3 4 1 3
r      	  	 ,4 1 2 3 4 1 3
s      2	  	  	  2	 ,1 1 2 3 4 0 1 2 3
s      2	  	  	 ,2 1 2 3 4 0 1 2
s      	  	 ,3 1 2 3 4 1 2
s     	  	 .4 1 2 3 4 1 2
They give three sets of eight mutually orthogonal rational conformal
1   Ž .4  Ž .4vectors with central charge ,  1 i 4 ,  1 i 4 , and2 r2 i i
  Ž .4 1 i 4 . Thus three vertex operator subalgebrassi
²         :T   ,  ,  ,  ,  ,  ,  ,  ,2 2 2 2 2 2 2 2 21 1 2 2 3 3 4 4
²        :T   ,  ,  ,  ,  ,  ,  ,  ,r r r r r r r r r1 1 2 2 3 3 4 4
²        :T   ,  ,  ,  ,  ,  ,  , s s s s s s s s s1 1 2 2 3 3 4 4
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1 	8Ž .are isomorphic to L , 0 , and the T -module V is completely re- D2 4
ducible.
Ž  4.The highest weight vectors in V as a T -module 
 2 , r, s areD 4
given by
 Ž .the vectors  1 for j 1, 2, 3, 4,j
 ² : ² :the vectors cosh 	 cosh 
 for  	 
 ,  , 	   , 
  0,
 ² : ² :the vectors sinh 	 sinh 
 for  	 
 ,  , 	   , 
  0,
² : ² :with 	 and 
 satisfying 	 , 	  
 , 
  2. The highest weight vectors
Ž .in V areD 24
 Ž . Ž .the vectors  1  1 for j, k 1, . . . , 4, j k,j k
 Ž .Ž . Žthe vectors  1 cosh 	 cosh 
 for 	 
  j, l j l
.1, 2, 3, 4, j l ,
 Ž .Ž . Žthe vectors  1 sinh 	 sinh 
 for 	 
  j, l 1, 2, 3, 4,j l
.j l ,
 Ž .Ž .the vectors cosh  cosh 	 cosh 	  cosh 	 ,i j k
 Ž .Ž .the vectors sinh  sinh 	 sinh 	  sinh 	 ,i j k
 Ž .Ž .the vectors cosh  cosh 	 sinh 	  sinh 	 ,i j k
 Ž .Ž .the vectors sinh  sinh 	 cosh 	  cosh 	i j k
for
 	 , 	 , 	 when  2 ,Ž .1 2 3 	 , 	 , 	 when  r ,Ž .  and 	 , 	 , 	 Ž . 2 3 11 2 i j k  	 , 	 , 	 when  s.Ž .3 1 2
 Ž .4We define the automorphism  on V for 
 2 , r , s 1 i 4 D i i i4
 4 4and 
 , in the same way as in the case of V . ThenŽ A .1
 : 	
 , e 	e 
 2.3.1Ž .
² : ² :  Ž .4for  	 
 ; 	 , 	  
 , 
  2 and 
 2 , r , s 1 i 4 , andi i i
we have
 4  4LEMMA 2.3.1. For  ,  
 2 , r, s ,  ,  
 , , 1 i, j 4,
   	    
	
	 	 ,    
	
  .Ž .Ž .   Ž² ,  :2.   j i i i j j j i i
 Ž  4  4.Thus  
 2 , r, s , 
 , permutes the three subalgebras
1 	8Ž . Ž  4.T  L , 0 
 2 , r, s . 2
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3. IDENTIFICATIONS AND EMBEDDINGS
In this section, we will define certain embedding maps M  V 4H Ž A .8 1
V and identify the images.D4
3.1. Identifications of VOAs
Since the highest weight vectors generate submodules isomorphic to
1 1 1 8Ž . Ž . Ž  4 .L , h 	 	 L , h h , . . . , h 
 , 0 , Ý h  1 or 2 , each corre-1 8 1 8 i1 i2 2 2
spondence of the highest weight vectors under the embeddings
Ž . Ž . Ž .3.2.2  3.2.6 and 3.2.1 leads to a correspondence of submodules. For
example,
 :T -module generated by 1234e
 T -module generated by  1  1Ž . Ž . 3 4
˜ T -module generated by cosh  cosh 	 cosh 	  cosh 	Ž . Ž .2 1 2 3
1 1 1 1 1 1 1 1 1 1 L , 	 L , 	 L , 	 L , 	 L , 0 	 L , 0Ž . Ž . Ž . Ž . Ž . Ž .2 2 2 2 2 2 2 2 2 2
1 1	 L , 0 	 L , 0 .Ž . Ž .2 2
4Classifying the highest weight vectors in V and V , as well as V ,'D Ž A . 2 D4 1 4
 and using the uniqueness of the VOA structures on a code VOA 8 , we
obtain
THEOREM 3.1.1. We hae the following isomorphisms of VOAs:
M  V , M  V 4 ,H 134124154 D H 134124 Ž A .8 4 8 1
M  V .'H 134 2 D8 4
4In particular, we hae M  V  V  V .'H 2 D Ž A . D8 4 1 4
3.2. Embeddings of VOAs
Ž .In V we putD 14
a  cosh  cosh   cosh  cosh  ,0 1 2 3 4
a  cosh  cosh   cosh  cosh  ,1 1 2 3 4
a  sinh  sinh   sinh  sinh  ,2 1 2 3 4
a  sinh  sinh   sinh  sinh  ,3 1 2 3 4
b  cosh  cosh   cosh  cosh  ,0 1 3 2 4
b  cosh  cosh   cosh  cosh  ,1 1 3 2 4
b  sinh  sinh   sinh  sinh  ,2 1 3 2 4
b  sinh  sinh   sinh  sinh  ,3 1 3 2 4
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c  cosh  cosh   cosh  cosh  ,0 2 3 1 4
c  cosh  cosh   cosh  cosh  ,1 2 3 1 4
c sinh  sinh   sinh  sinh  ,2 2 3 1 4
c sinh  sinh   sinh  sinh  .3 2 3 1 4
We embed V 4 in V by the homomorphism V 4 V of VOAsŽ A . D Ž A . D1 4 1 4
uniquely determined by
e 
 i a  b and e
 i a  b , 0 i 3. 3.2.1Ž .i i i i
Ž . Ž .Then 
 1  2c 0 i 3 andi i
˜        ² :T  T   ,  ,  ,  ,  ,  , ,  , 2 2 2 2 2 2 2 2 24 1 3 2 4 1 3 2
˜        ² :T  T   ,  ,  ,  ,  ,  ,  ,  , r r r r r r r r r4 1 3 2 4 1 3 2
˜        ² :T  T   ,  ,  ,  ,  ,  ,  ,  . s s s s s s s s s4 1 3 2 4 1 3 2
We next embed M in V 4 by the homomorphism M  V 4 ofH Ž A . H Ž A .8 1 8 1
VOAs uniquely determined by
e8  e7 cosh  , d8  d7 cosh  ,1 1
6 5 6 5e  e  cosh  , d  d  cosh  ,2 2and 3.2.2Ž .4 3 4 3e  e  cosh  , d  d  cosh  ,3 3
2 1 2 1e  e  cosh  d  d  cosh  .4 4
Then
f 8  f 7 cosh  ,1 T  T ,e 6 5f  f  cosh  ,2 T  T ,and 3.2.3Ž .d 4 3f  f  cosh  ,3 T  T .f 2 1f  f  cosh 4
Since each highest weight vector is a linear combination of the confor-
mal vectors and the Virasoro element, we get the correspondence of
Ž . Ž .highest weight vectors in weight 2 space M as a T -module  e, d, fH 2 8
Ž . Ž .4to those in V as T -module    ,,  .Ž A . 2  1
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Ž 4 .Further, we embed M in V L A , D byH   L 1 48
 : 4M  13  cosh 
  cosh 
 
 V , 3.2.4Ž .H 134 2 3 Ž A .8 1
1
 : 4M  12   1 
 V , 3.2.5Ž . Ž .H 134124 4 Ž A .8 12
1
 :M  15  2 1 
 V , 3.2.6Ž . Ž . Ž .H 134124154 4 D8 42
Ž .  :in addition to 3.2.2 , where the vectors ij are the appropriately normal-
1 ² 4 : Ž .ized highest weight vectors for T with eigenvalues ij ,  l 1, . . . , 8 .e l2
3.3. Fixed-Point Space by the Lattice Inolution 
Let  denote the automorphism of the lattice VOA V that is inducedL
from the lattice involution L aa
 L. Note that the image of the
Ž . embedding map 3.2.1 , for instance, is in the fixed-point space V . WeD4
Ž .4study the involution  for L A and D from the point of the code1 4
VOAs.
Ž .In the weight 1 subspace M , the four highest weightH 134124154 18
 :  :  :  :vectors 15 , 26 , 37 , and 48 as a T -module form a Cartan subalgebra.e
For the automorphism       on M , we find1 e e e e H 1341241541 2 3 4 8
1 Ž . Ž .M M . By the embeddings 3.2.2  3.2.6 andH 134124154 H 1341248 8
Ž .3.2.1 , the automorphism  corresponds to the automorphism1
    Ž .    
Aut V .2 2 2 2 D4 1 3 2 4
PROPOSITION 3.3.1. The automorphism     on M coin-2 2 2 2 H4 1 3 2 8
cides with the inolution  on V .D4
Ž .  Ž .Proof. By the equation 2.3.1 , we have  :   ,    i j ,2 i i j j
2 i 2  i 2 j 2 j Ž .    e  e , e  e i j . Thus     is the lattice invo-2 2 2 24 1 3 2
lution  on V .D4
It follows that V  M1 M .D H 134124154 H 1341244 8 8
 :  :  :  : Ž .Similarly, the four vectors 12 , 34 , 56 , 78 
 M andH 134124 18
 :  :  :  : Ž .the four vectors 13 , 24 , 57 , 68 
 M form Cartan subalge-H 134 18
bras.
THEOREM 3.3.2. For the automorphism       
1 e e e e1 2 3 4
Ž . Ž .Aut M ,      
Aut M , and  H 134124154 2 e e e e H 134124 38 1 3 5 7 8
Ž . 1    
Aut M , we hae M Me e e e H 134 H 134124 H 1341241541 2 3 6 8 8 8
 V  , M M 2  V 4 , and M3 M .D H 134 H 134124 Ž A . H 134 H4 8 8 1 8 8
Proof. The automorphism  ,  , and  act as 1 on the correspond-1 2 3
ing Cartan subalgebra, and the automorphisms  and  correspond to1 2
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the involution  on V and V 4 , respectively, under the embeddingD Ž A .4 1
Ž . Ž . Ž .4M  V  V defined by 3.2.2  3.2.6 and 3.2.1 . Hence the state-H Ž A . D8 1 4
ment follows from Theorem 3.1.1.
Theorems 3.1.1 and 3.3.2 imply that M  V 4  V  . Simi-H 134124 Ž A . D8 1 4
 
4larly we have M  V  V and M  V .' 'H 134 2 D Ž A . H 2 D8 4 1 8 4
3.4. Characters
 Ž .For a VOA V V , the character of V is defined by ch V nm n
 Ž . nÝ dim V q .nm n
The character of our code VOA VM is described byH  8
4
ch V  the number of codewords with length 2kŽ . Ž .Ý
k0
82 k 2 k1 1 1
 ch L , 0 ch L , .ž / ž /ž / ž /2 2 2
Here the characters of the Ising model are given by
1 1 1
n12ch L , 0  ch L ,  1 qŽ .Łž / ž /ž / ž /2 2 2 n0
Ž .and the number of codewords with length n n 0, 2, 4, 6, 8 by
Length 0 2 4 6 8
H 1 0 14 0 18
 4H  13 1 4 22 4 18
 4  4H  13  12 1 12 38 12 18
 4  4  4H  13  12  15 1 28 70 28 18
Taking the isomorphisms M  V etc. into account, weH 134124154 D8 4
get:
PROPOSITION 3.4.1.
1
 8 8 4 4ch M  ch V  A  B  14 A B ,Ž .Ž . ž /'H 2 D8 4 16
1
 8 8 4 4
4ch V  ch V  A  B  6 A B ,Ž .Ž . Ž .'2 D Ž A .4 1 8
1
 8 8 4 4
4ch V  ch V  A  B  2 A B ,Ž .Ž . Ž .Ž A . D1 4 4
1
8 8ch V  A  B ,Ž .Ž .D4 2
 Ž n12 .  Ž n12 .where AŁ 1 q and BŁ 1 q .n0 n0
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4. TRIALITIES
From the point of view of the embeddings of M into the lattice VOAs,H8
we describe the effects on M of the triality automorphisms of AH 18
and D .4
4.1. D Triality on H4 H8
We recall the Dynkin diagram of D :4
The symmetric group  acts naturally on this diagram by permuting the3
Ž .generators 	 , 	 , and 	 . We denote by ij the involution 	  	 ,1 2 3 i j
Ž . Ž .which induces the generators 12 and 13 of  symmetry on the lattice3
D and on the VOA V .4 D4
Ž . Ž .THEOREM 4.1.1. The automorphisms 12 and 13 of the lattice D4
induce the triality on M , which permutes three sets of conformal ectors:H8
12   1 , 13   1 .Ž . Ž .f d
Ž .4Proof. By the embeddings M  V  V described in 3.2.2 H Ž A . D8 1 4
Ž . Ž . Ž .3.2.6 and 3.2.1 , the involution 12 : 	  	 , for instance, maps as1 2
 4  4H , E , F  H , E , F in V . Hence we have 
  
 and   1 1 1 2 2 2 D 1 2 i i4
 1 2 84  1 1 844in V . Thus e , e , . . . , e  d , d , . . . , d in M . Q.E.D.Ž A . H1 8
4.2. A Triality on M1 H8
We next consider the triality for A . To describe it, we prepare a1
symmetrical basis.
 4    Let y , y , y be a basis of sl  A satisfying y , y  2 y , y , y 1 2 3 2 1 1 2 3 2 3
 2 y , and y , y  2 y . We consider three involutions1 3 1 2
 : y y ,  : y  y mod 3 .Ž .i i i i i1 i2
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In our case let us choose the following basis of sl :2
'y  2  1 cosh 
 ,1
y 2 sinh 
 , 4.2.1Ž .2
'y   1 
 1 .Ž .3
Ž .	4 Ž .According to the application of the involutions  i 1, 2, 3 toi
V 4 and the embedding M  V 4 , we find the automorphism of theŽ A . H Ž A .1 8 1
Hamming code VOA M coming from the automorphism of the Ham-H8
ming code.
Ž .	4 Ž . Ž .4THEOREM 4.2.1. The automorphisms  i 1, 2, 3 of A restricti 1
to the automorphisms of MH8
	4 	4
 : T  13 57 T ,  : T  23 67 T ,Ž . Ž . Ž . Ž . Ž . Ž .1 e e 2 e e
T  24 68 T , T  23 67 T ,Ž . Ž . Ž . Ž .d d d d
T  13 57 T , T  23 67 T ,Ž . Ž . Ž . Ž .f f f f
	4
 : T  12 56 T ,Ž . Ž . Ž .3 e e
T  34 78 T ,Ž . Ž .d d
T  12 56 T ,Ž . Ž .f f
Ž .where ij means the permutation of the ith and jth conformal ectors, and
Ž .Ž . Ž .Ž .these automorphisms come from the code automorphisms 12 56 , 23 67 ,
Ž .Ž . Ž .   Ž . 413 57 
Aut H  
  H H , respectiely.8 8 8 8
Ž .  
Proof. The automorphism  1 i 3 maps as  : 2 e i 1

 
  
 
 
' Ž . Ž . Ž . Ž .  1 
 1  e  e ,  : 2 e  
 1  e  e , and  :2 3
 
  
'

 , e   1 e . Hence
	4     :    ,    ,Ž .1 
  
 
  
 
  
 
  
i j i j i j i j
	4     :    ,    
 ,Ž . Ž .2 
 
 
 
 
 
 
 
i j i j i j i j
	4     :    ,   Ž .3 
 
 
 
 
 
 
 
i j i j i j i j
in V 4 . Therefore, the map between conformal vectors in M followsŽ A . H1 8
Ž .from the correspondence of conformal vectors in 3.2.3 .
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